We consider the problem of comparison of two entangled states by local operations and classical communication, i. e. whether or not two entangled states are the same. We show that the optimal bound of state comparison by global measurements can also be achieved by local operations and classical communication both in the sense of conclusive comparison and inconclusive one.
In a recent paper [1] , quantum state comparison is studied. Unlike quantum state discrimination whose aim is to identify the quantum state, quantum state comparison is to identify two quantum states as being identical or different, unnecessary to identify each state. Though these two quantum phenomena are different, they are closely related. For example, if we can identify each of the two states, we know whether they are the same or different. However, even in the case that the quantum states are unknown, it is possible to compare them. In [1] , Barnett et al showed that it is impossible to conclusively identify two unknown states as being identical but it is possible to unambiguously tell they are different. They also derive optimal strategies for state comparison when each of the two states is one of two possible known states both in the sense of conclusive comparison and inconclusive one. In this paper, we investigate whether the same goal can be achieved by limited operation that is by local operations and classical communication (LOCC) if the two possible states are entangled and shared by two separate parties. Generally, quantum tasks may be accomplished only by means of global measurements since quantum information may be encoded in entanglement which may not be extracted by LOCC operations. Surprisingly, Walgate et al [2] demonstrated that any two orthogonal multipartite pure states can be distinguished perfectly by only LOCC operations. In this paper, we prove that the optimal comparison of two entangled states can also be achieved by LOCC operations.
The problem of comparing two known states has been considered in [1] by global measurements. Suppose two quantum systems, each prepared in either the state |ψ 1 or the state |ψ 2 with equal probability in a secret way. The two systems are in four possible states {|ψ 1 |ψ 1 , |ψ 2 |ψ 2 , |ψ 1 |ψ 2 , |ψ 2 |ψ 1 }. We ask whether the two systems are in the same state, i. e. they belong to the subset {|ψ 1 |ψ 1 , |ψ 2 |ψ 2 } or the subset {|ψ 1 |ψ 2 , |ψ 2 |ψ 1 }. In a suitable orthonormal basis {|+ , |− }, |ψ 1 , |ψ 2 can be expressed in the following form:
And the combined state of the two systems can be written as
where i, j = 1, 2. Barnett et al [1] derive the optimal strategies for state comparison. If the outcome of the measurement is in the symmetric state |Ψ + = |+ |− + |− |+ , the two system have been in the same state; if the outcome of the measurement is in the antisymmetric state |Ψ − = |+ |− −|− |+ , the two system have been in the different state. If the outcome is in the subspace spanned by |+ |+ , |− |− , then |Φ ± = cos 2 θ|+ |+ ± sin 2 θ|− |− is associated with the same (+) and different (−) states respectively. Then conclusive (inconclusive) state discrimination between |Φ + and |Φ − corresponds to conclusive (inconclusive) state comparison.
In the sense of conclusive comparison, the maximal probability for the decisive result is
In the sense of inconclusive comparison, the minimum average error probability is
Now we show that the optimal state comparison can be achieved when the two possible states |ψ 1 AB and |ψ 2 AB are entangled states, shared by two separate parties traditionally called Alice and Bob, and the allowed operations are LOCC operations. Following the above optimal protocol, we know that if we can identify the four unnormalized states {|Ψ ± AB , |Φ ± AB } in the sense of conclusive (inconclusive) discrimination by LOCC operations, then the optimal state comparison can be realized by LOCC operations. We will prove that it is indeed the case. Explicitly, we rewrite the four states in the entangled case as follows,
where the states |± AB are two orthonormal entangled states.
In [2] , it is showed that in a suitable basis of {|e i A }two orthogonal entangled states can be expressed as the form,
For orthogonal states, Walgate et al [2] showed that η i |γ i = 0 for all i = 1, 2, · · · , n and proved that Alice and Bob can always distinguish between the two possible orthogonal states perfectly by LOCC operations.
In [3] , a proper orthonormal basis {|i A } were found on Alice's side such that the two states can be expressed as more stronger form,
and µ i |ν i = 0. The proof of this form can be found in [3] . We employ this special form to prove that the optimal comparison of the two entangled states can be achieved by LOCC operations.
Replace |± AB with Eq.(8), the four states {|Ψ ± AB , |Φ ± AB } are expanded as
Our optimal protocol by LOCC operations is: Alice measure her two subsystem in the basis of {|ij A } and this would project Bob's states onto four possible states {|µ i ν j B ± |ν i µ j B , cos 2 θ|µ i µ j B ±sin 2 θ|ν i ν j B }. Notice that each pair of states µ i and ν i are orthogonal, so the problem is reduced to distinguishing the four possible states {|Ψ ± , |Φ ± } of the following form by Bob ,
Resign the |± ′ as |± and the problem is the same as the one in [1] . For each outcome of Alice, the same optimal comparison can be obtained both in the sense of conclusive one and inconclusive one, so we conclude that the optimal comparison of two entangled states can be realized by only LOCC operations.
In summary, we investigated the problem of comparison of two entangled states by local operations and classical communication and showed that the optimal bound of state comparison by global measurements can also be achieved by local operations and classical communication both in the sense of conclusive comparison and inconclusive one. D. Yang thanks S. J. Gu and H. W. Wang for helpful discussion. The work is supported by the NNSF of China, the Special NSF of Zhejiang Province (Grant No.RC98022) and Guang-Biao Cao Foundation in Zhejiang University.
